Based on semigroup theory and the method of contractive function, we prove the existence of global attractors for a nonclassical diffusion equation with fading memory in the space
1 0 ( ) × L 2 μ (R + ; H 2 ( ) ∩ H
Introduction
Let be an open bounded subset of R n with sufficiently smooth boundary. We consider the following nonclassical diffusion equation with fading memory and arbitrary polynomial growth nonlinearity:
u(x, t) = u  (x, t), x ∈ , t ≤ , u(x, t) = , x ∈ ∂ , t ∈ R, [] showed the existence of exponential attractor when g(x, t) was translation bounded, and they also obtained the existence and structure of compact uniform attractor; Anh and Toan [] acquired the existence and upper semicontinuity of pullback attractor in the case of non-cylindrical domains. In addition, they also proved the existence of uniform attractor with and without singularly oscillating external force, respectively, in [, ] . However, when the nonlinearity satisfies an arbitrary order polynomial growth condition, a few results were obtained on long-time dynamical behavior of solutions to Eq. (.) in the recent literature. The existence of global attractor in H   ( ) was obtained when the nonlinearity satisfied the critical exponent growth condition and the arbitrary order polynomial growth condition separately in [] . A few years later, the existence of global attractor was proved on an unbounded domain when g ∈ L  (R n ) in [] . As a similar re- [] showed the existence and regularity of global attractors for the autonomous case both in weak and strong topological spaces. Moreover, they acquired the structure and asymptotic regularity of compact uniform attractor for the non-autonomous case in [] . Conti et al. [, ] studied problem (.) in both classical past history and minimal state framework and showed the existence of finite-dimensional regular global attractors and exponential attractors.
As far as we know, very few people study problem (.) because of the virtual difficulties caused by the supercritical nonlinear term and fading memory. Only in [], Xie et al. obtained a uniform attractor with its structure when ν =  in the weak topological space for the non-autonomous case by the method of asymptotic contractive semigroup. Comparing with [, ], we adjusted the computations in our paper by adding the fading memory term to the problem in [] and the term λu to the problem in [] and simplified the estimating process. At the same time, we suppose that ν >  and extend the range of ν. Moreover, problem (.) with supercritical nonlinearity in the strong topological space
has not yet been studied, except by us. In order to gain the existence of strong global attractor, it is essential to testify the compactness of the semigroup in some sense. Since Eq. (.) contains the term -u t and the fading memory term, there are two main obstacles which are difficult to overcome. First, as to the term -u t , it is different from the usual reaction-diffusion equation with fading memory virtually. The solutions of the usual reaction-diffusion equation with fading memory have higher regularity. But for Eq. (.), if the initial data only belong to the weak topological space, then the solution is always in the weak topological space and has no higher regularity. Consequently, we cannot use the compact Sobolev embed-ding to verify the key asymptotic compactness of a solution semigroup. Second, Eq. (.) contains the fading memory term, which is not compact, so usual methods are not in use. Thus, in this paper, we apply semigroup theory and the contractive function method to conquer the above difficulties and show the existence of global attractor in the space
. The plan of our work is as follows. Section  is devoted to some preliminaries, including the definitions and notations of function spaces involved, and some general abstract results. In Section , by the use of semigroup theory and contractive method, we prove the existence of absorbing sets and global attractor in the space
Preliminaries
In this section, we recall some preliminaries and auxiliary results which will be used later.
For the sake of convenience, we denote by
Especially, we denote by ·, · the usual scalar product and by | · | the usual norm in H = L  ( ). Recall that A = -, the Laplacian with Dirichlet boundary conditions. It is well known that A is a positive operator on H with domain
Hilbert space with the inner product
We denote by · θ the norm on V θ induced by the above inner product. In particular,
Let L  μ (R + ; V θ ) be the Hilbert space of V θ -valued functions on R + , endowed with the following inner product and norm:
Then we introduce the family of Hilbert spaces
with the norm
Here, θ is omitted whenever zero, namely, V = V  . Define
then we have
, which satisfies k(∞) = , then Eq. (.) can be transformed into the following form:
with the corresponding initial-boundary conditions
where u(·) satisfies the condition as follows: there exist two positive constants R and such that
Assume that the memory kernel function μ(s) satisfies the following hypotheses:
About the nonlinearity f (u), we always assume that f (x, s) = f  (s) + a(x)f  (s) satisfies:
and κ are all positive constants.
Remark . If the term λu were incorporated in the nonlinearity f (x, u), the alternative assumption (g  ) or (g  ) * about nonlinearity f (x, u) would be avoided, namely, the nonlinear term f (x, u) would only need to satisfy assumption (g  ).
Lemma . (see []) Set I = [, T] for some T > . Let the memory kernel function μ(s)
satisfy (h  )-(h  ), then, for any η t ∈ C(I; L  μ (R + ; V θ )), we have η t , η t s μ,θ ≥ δ  η t  μ,θ . (  .  )
Lemma . (see []) Let X and Y be two Banach spaces such that X ⊂ Y with a continuous injection. If a function ϕ belongs to L ∞ ([, T]; X) and is weakly continuous with values in Y , then ϕ is weakly continuous with values in X.
Definition . (see [, ]) Let X be a Banach space and B be any bounded subset of X. We call the function ψ(·, ·), defined on X × X, a contractive function on B × B, if for any
Denote by C(B) the set of contractive functions on B × B.
Lemma . (see [, -])
Let {S(t)} t≥ be a semigroup on the Banach space (X, · ), with a bounded absorbing set B  . Moreover, if, for any ε > , there exist T = T(B  , ε) and
then {S(t)} t≥ is asymptotically compact in X. 
Main result

Existence and uniqueness of solution
In 
Proof Multiplying (.) by u, integrating over and applying Lemma ., we have
If the nonlinearity satisfies (g  ), (g  ) and (g  ), we treat the last two terms in (.).
Using Hölder's and Young's inequalities, we have
So, we can see that
Taking σ = min{, ν}, then we have the following conclusion:
(ii) If the nonlinearity satisfies (g  ) * , (g  ) and (g  ), we treat the last two terms in (.).
By use of Hölder's and Young's inequalities, we obtain
Finally, we have
Similarly, applying Gronwall's lemma, we have the same conclusion as (.) in case (i). Therefore, the proof is complete. 
z(t) is weakly continuous functions from [, T] to V  and depends on the initial datum z
Proof Assume that λ i , i = , , . . . , are eigenvalues of operator A in D(A), and they satisfy
Let ω i denote the eigenvector corresponding to the eigenvalue λ i , i = , , , . . . . Then they form a group of canonical orthogonal bases in D(A) and satisfy
where A = -. At the same time, we choose an orthogonal basis
Firstly, we will prove the existence of solutions by use of the Faedo-Galerkin approximation method. 
where u m (t) = 
where g m = P m g. Noting that the nonlinearity satisfies (g  ) or (g  ) * , and (g  )-(g  ), we obtain
here θ  and θ  are all in [, ]. By using Hölder's inequality, we have
Substituting the above estimates into (.), we have
Applying Lemma . and Gronwall's lemma, we can obtain
we know
Integrating over [, T] about (.) and following from (.), we can deduce that
, where q is a dual number of p, as p ≥ , q > , and γ > . For any v m ∈ H  , we have
By virtue of (.), we know
Therefore, there exists a subsequence, we denote it by {z m } yet, as m → ∞ such that
Taking limit for (.), we find that
Secondly, we will prove that the solutions of problem (.)-(.) are weakly continuous 
where U(t) is a strongly continuous semigroup of contractions on L  μ (R + ; V  ) and dissipative,
Choose t  > , and let  ≤ t < t  , we obtain
In view of (.),
Simultaneously, by the strong continuity of a semigroup U(t), we know
Therefore, by virtue of the dominated convergence theorem,
which implies the left-continuity of η t . Similarly, we can obtain the right-continuity of η t , and hence
Finally, we will prove the uniqueness of solutions of problem (.)-(.). 
we can obtain from (.)
Taking the scalar product with -w for (.) in H, we find
Notice that the nonlinearity satisfies (g  ) or (g  ) * , and (g  )-(g  ), we obtain
where
Thus, combining (.) with (.), we have
. By Gronwall's lemma, we conclude that
where t ∈ [, T], and C  , C  , C are all positive. We complete the proof.
According to Theorem . above, we can define the solution operator S(t) : z  → z(t), ∀t ∈ R + , which reflects V  on itself. Obviously, {S(t)} t≥ is a norm-to-weak continuous semigroup, thus we denote by {S(t)} t≥ the solution semigroup for Eqs. (.)-(.) hereafter.
Bounded absorbing sets in V 1
We will make a priori estimate to the solutions to problem (.)-(.) in V  . 
Proof Multiplying (.) by -u, integrating over , and then applying Lemma ., we have
No matter that the nonlinearity satisfies (g  ) or (g  ) * , and (g  )-(g  ) in (.), we have
here, θ  , θ  are all in [, ]. And using Hölder's inequality, we get
By replacing the above estimates into (.), it follows that
Combining the above estimates with Lemma . and applying Gronwall's lemma, we can obtain Taking σ = min{, ν}, then we deduce the following result:
The proof is complete.
According to Lemma ., we conclude the existence of bounded absorbing sets as follows. 
The existence of global attractor in V 1
In order to prove the existence of global attractor, it is necessary to verify the asymptotic compactness for the solution semigroup {S(t)} t≥ . 
Lemma . Under the same assumptions as in Lemma
